We study the boundary states for the rational points in the moduli spaces of c = 1 conformal and c = 3/2 superconformal field theories, including the isolated Ginsparg points. We use the orbifold and simple-current techniques to relate the boundary states of different theories and to obtain symmetrybreaking, non-Cardy boundary states. We show some interesting examples of fractional and twisted branes on orbifold spaces.
Introduction
One of the topics of present string theory investigations is the determination of Dbranes on general backgrounds: their algebraic construction as boundary states of conformal field theory, their classification, the relevant consistency conditions and their geometrical interpretation [1] [2] [3] [4] [5] .
In the rational conformal theories (RCFT), the boundary states should obey a closed set of modular covariance conditions [6] [7] [8] , that involve the bulk-theory data specified by the torus partition function. A general solution was originally found by Cardy for the symmetry-preserving boundary states associated to the chargeconjugation partition function [6] ; several authors have recently discussed other cases and examples with symmetry-breaking boundaries and general partition functions [9] [10] [11] [12] . Among other solutions, a rather interesting pattern has emerged for the D-branes on group manifolds [2] and coset manifolds [4] [13] . Moreover, a theory for the symmetry-breaking boundary conditions has been introduced [11] and a large class of non-Cardy boundary states has been found [14] by extending the method of simple currents [15] .
In this paper, we would like to contribute to these searches by presenting the detailed analysis of the rational conformal and superconformal theories at c = 1 and 3/2, respectively [16] [17] ; our study includes the isolated points of the nonabelian orbifolds SU(2)/G, where G is the symmetry group of the tetrahedron (T), octahedron (O) and icosahedron (I). These theories are interesting for their nontrivial, yet manageable, chiral algebras, involving several twisted sectors [18] . Their boundary states provide nice examples of "fractional" and "twisted" branes [19] . In our analysis of boundary states, we extensively use the method of simple currents [14] , and we exemplify some properties of symmetry-breaking boundaries first discussed in Ref. [11] .
It is interesting to see these methods at work in elaborate examples and to discuss the resulting features. Whenever orbifold constructions, often implemented by simple currents, map pairs of conformal theories, we can find corresponding relations between the respective boundary states. Cardy-type boundaries are mapped to new, nonCardy boundaries pertaining to the same or a different theory; these relations provide interesting hints and checks for the geometrical interpretation of the D-branes.
The paper is organized as follows. In Section 2, we introduce the orbifold construction of boundary states in the rather well-known case of the SU(2) k affine conformal theories [9] [7] [8] , whose bulk field content is given by the ADE modular invariants [20] ; this example also motivates the general formulae for the orbifold constructions based on simple currents [14] [21] . In Section 3, we discuss the boundary states for the rational c = 1 theories of the compactified boson and the S 1 /Z 2 orbifold [16] ; most of the results are well known * , but they set the stage for the analysis of the T − O − I models.
In Section 4, after (re)-deriving the T − O − I chiral algebras and S matrices [18] , we discuss an interesting example of non-Cardy boundary states that pertains to the tetrahedron orbifold with diagonal partition function. Such boundaries are derived from the Cardy states of the octahedron by simple-current extension, namely by the inverse of the orbifold map: SU(2) 1 /O = ( SU(2) 1 /T)/Z 2 . The corresponding annulus amplitudes provide a 5-dimensional representation of the 21-dimensional fusion rules of the T model.
In Section 5, we review the moduli space of c = 3/2 superconformal theories [17] , we write their chiral algebras and characters, and find their boundary states. Finally, Section 6 is devoted to the superconformal T and O orbifolds † ; using the chiral data spelled out in Appendix D, we find the boundary states for some of their non-chargeconjugate partition functions and the relations among them.
The Appendices contain some details of our work: Appendix A reports the character tables of the T − O − I groups; Appendix B discusses the amplitudes for nonorientable surfaces, the Klein bottle and the Möbius strip, [22] that complete the analysis of c = 1 theories. Appendix C and D contain the chiral algebras of the conformal and superconformal T − O − I models, respectively.
Orbifold constructions for boundary states
Rational conformal theories are characterized by the modular invariant partition function on the torus, that is a sesquilinear form in the characters χ i of the representations of the chiral algebra A of the theory [23] :
Z ij χ i (q)χ j (q) , q = exp(2iπτ ) . (2.1)
In this expression, the trace over the states propagating in the bulk decomposes into the representations labeled by the indices i and j that occur with integer multiplicities Z ij .
The determination of the conformal boundary conditions that are consistent with a given, generic bulk theory (generic Z) is a non-trivial problem that has been tackled by the recent literature [9] [7] [10] [8] . Let us briefly recall the setting: the partition function on the annulus with boundary conditions of type (a) and (b) is a linear combination of characters,
where the non-negative integer multiplicities A i ab are in general unknown, and should be determined by the consistency conditions of modular covariance and by some physical requirements [6] . Upon performing the S modular transformation, τ → −1/τ , the annulus amplitude (2.2) describes the propagation of bulk states between the two boundary states |a and |b . The latter can be expended in the basis of the Ishibashi states |m as follows [24] :
There exists an Ishibashi state for any bulk representation that reflects at the boundary, namely for any m such that Z mm * = 0 in the partition function (2.1), with corresponding multiplicity (m * is the representation conjugate to m).
The general form of the boundary states for the bulk theory of the charge-conjugation modular invariant, Z ij = δ i,j * , has been given by Cardy [6] : there are as many boundary states as representations of the chiral algebra, a, m = 1, . . . , N, and the boundary coefficients are expressed in terms of the modular S matrix,
As a consequence of the Verlinde formula [25] , the corresponding annulus coefficients are equal to the fusion rules: A i ab = N i ab . For general torus partition functions, we can make the natural assumption of completeness of the boundary conditions [7] , such that the boundary coefficients B am define an invertible map in (2.3). Orthogonality is also required for the set of "pure" boundaries whose correlators obey the cluster decomposition. These conditions imply that the matrix R am ≡ √ S 0m B am is unitary. An equivalent condition is that the matrices of annulus coefficients ‡ (A i ) b a give rise to an integer-valued representation of the fusion algebra [7, 8] : (2.5)
In this paper, we study boundary states at c = 1 and 3/2: we discuss interesting theories not completely analyzed so far, and describe cases with non-charge-conjugate ‡ Note that the bulk (i) and boundary (a, b) indices of A i ab = A i ba can be raised with the help of the bulk and boundary conjugation matrices, C ij = (S 2 ) ij = δ i,j * and A 0 ab = δ a,b * , respectively. modular invariants. We extend the orbifold constructions of bulk theories to the determination of the boundary states, relying on the results of the Refs. [11, 14, 4] . The method can be illustrated in the case of the SU(2) k affine conformal theories with ADE modular invariant partition functions [20] . The D-theories with non-diagonal modular invariant can be obtained as orbifolds of the diagonal A-theories, by modding out the Z 2 symmetry χ i → (−1) i+1 χ i , i = 1, . . . , k + 1. The invariant states are the integer-spin SU(2) k representations, and the twisted states are added in a way that is consistent with modular invariance. The result is (ℓ = 1, 2, . . .):
The D-even partition functions are diagonal modular invariants for an extended chiral algebra, while the D-odd partition functions have left and right sectors paired by the permutation i → k + 2 − i, that is an automorphism of the fusion rules. For k = 6 in particular, the orbifold construction relates the A 7 and D 5 partition functions:
The even-index characters in Z D 5 correspond to the twisted sectors.
The orbifold operation can be applied to the Ishibashi states of the diagonal invariant since they are in one-to-one relation with the representations of the chiral algebra. First we should form combinations of boundary states that are invariant under the orbifold symmetry; in the present case, they are given by:
8) where S ij = 2/(k + 2) sin(πij/(k + 2)). The states |i D can be called "invariant" boundaries because they only allow the propagation of odd-m bulk states in the closed channel.
In the D-odd theories, we need two further boundaries to form a complete basis. These arise from the splitting of the boundary state of the diagonal theory |f A , f = (k + 2)/2, that is the fixed point of the orbifold action i → k + 2 − i:
These two boundary states are distinguished from the invariant combinations (2.8) by having non-vanishing coefficients for the Ishibashi |f corresponding to the "twisted" sector i = (k + 2)/2 in the D-odd modular invariants (2.6).
The coefficient R = 1/ √ 2 is determined by the completeness condition for these boundaries (2.8, 2.9), i.e. by the orthogonality of the matrix R am . The two boundary states |f, ± D can be called fractional branes, using a string terminology [19] : owing to the splitting, their boundary coefficients are smaller than those of the invariant state √ 2 |f A they originate from. Actually, there is a geometric interpretation of the SU(2) k A-type boundary states as Dirichlet two-branes (two-spheres) on the SU(2) manifold, the S 3 sphere, [2] ; in this picture, the previous orbifold action (2.8) is the antipodal map, and the |f A brane, localized at the equator, is left invariant and gets split. Simpler examples of this phenomenon will be found later among the c = 1 theories.
In the D-even theory, there are two degenerate Ishibashi states |f, ± corresponding to the fixed point f = (k + 2)/2 of the orbifold action. One can similarly construct the invariant boundary states and the two fractional states; however, their boundary coefficients are not completely determined by the completeness condition. There remains a free rotation in the space of the states |f, ± , that are degenerate in Virasoro dimension; a proper basis for these states is the one preserving the extended symmetry of the D-even theory. Such basis can be found by applying the Cardy formula (2.4) to the boundary states of the extended theory, involving the S-matrix for the extended characters [26] . The boundary states for all the ADE modular invariants have already been obtained by several methods [9, 10, 8] , and the present discussion was just meant to be pedagogical; note that the orbifold construction can also be extended to the boundary operator-product expansion [27] .
The orbifold construction can be generalized using the language of simple currents [15] . A simple current J is a primary field with one-term fusion rules with all the fields:
The presence of the simple current implies an abelian discrete symmetry in the theory, that is generated by exp(2iπQ J ), with:
This charge is the exponent for the monodromy of the current around the field φ i and is conserved in the fusion rules. The fields φ i can be organized in orbits, each orbit containing the fields generated by the repeated fusion with the simple current. The simple current and its powers generate an abelian group by fusion that is called the center G of the conformal field theory.
Starting from the charge-conjugation partition function, one can obtain a new modular invariant by modding out the abelian symmetry associated to the simple current. The result depends on the order of the center and on the (conformal) spin of the current. In particular, an integer-spin current J generates an extension-type modular invariant of the form [26] :
(2.12)
in this equation, a labels the orbits, i a is a representative point on each orbit, and |S a | is the order of the stabilizer S a of the orbit a, i.e. the subgroup of G acting trivially on any element i in a. Extension-type modular invariants can be considered as diagonal invariants with respect to the basis of the extended chiral algebra, and therefore the Cardy solution (2.4) can be used to obtain boundary states that preserve the extended symmetry. However, in many cases it is interesting to know also the boundaries that only respect the original chiral algebra [11] .
Another example of simple-current modular invariant is of the automorphism type [15] : 13) and it is generated by an order-two current of half-integer spin. Both types of invariants, (2.12) and (2.13) are realized in the SU(2) k D-series seen before, the simple current being the primary field φ k+1 .
The Z 2 automorphism modular invariant (2.13) will appear frequently in our analysis of the boundary states of c = 1 and c = 3/2 theories. The corresponding boundary coefficients R am have been found in general [10] , and were shown to represent the socalled classifying algebra for boundary conditions that replaces the fusion algebra for the Cardy case. The general pattern of the boundary states is already apparent in the SU(2) k example: there are Z 2 -invariant boundaries that are in one-to-one correspondence with length-two orbits of the simple current,
These states are characterized by having vanishing coefficients for all the Ishibashi states |i with Q J (i) = 1/2, owing to the relation S J(a),k = S a,k exp(2πiQ J (k)) [15] . In addition there are fractional boundary states, two for each fixed point of the simple current, J(f ) = f, J(g) = g, . . ., of the form:
These states are characterized by non-vanishing coefficients on the Ishibashi corresponding to fields with Q J = 1/2 and fixed by J, that can be expressed in terms of a suitable fixed-point S matrix denoted by S [14] :
The coefficients in (2.15) with respect to the Ishibashi states |i with J(i) = i are simply given by the S matrix of the model, R f ± i = S f i / √ 2. This ansatz for the boundary states was shown to satisfy the previous constraints of integrality and positivity for the annulus amplitude [10] . We finally mention that a general formula has been presented in Ref. [14] for the boundary states of arbitrary simple-current modular invariants.
3 Boundary states at c = 1: circle and orbifold
lines
We now turn to the analysis of the boundary states for the conformal field theories at c = 1: we should first recall some basic facts about these theories [16] . The first line of c = 1 models is realized by the free boson field X compactified on a circle of radius R. These models possess the affine U(1) symmetry and their field content can be organized in representations of this algebra, as summarized by the partition function:
where η is the Dedekind function. By modding out the circle by the reflection P : X → −X one obtains the second line of the S 1 /Z 2 orbifold theories. On each line, the points R and α ′ /R are equivalent by T-duality and the two lines intersect at one point, corresponding to R (2). While the orbifolds by the cyclic and dihedral groups reproduce theories on the circle and orbifold lines, respectively, those by the three non-abelian groups T, O, I, (the symmetry groups of the tetrahedron, octahedron (cube) and icosahedron (dodecahedron)), give three new c = 1 CFT, that do not belong to the previous lines and have no marginal deformations. In the sequel, we will focus on the rational points on the c = 1 moduli space § [28] . § For recent results on the boundary states preserving the Virasoro algebra only, see Ref. [12] .
Circle line
There are two natural boundary conditions J = Ω(J) for the U(1) currents J and J, namely Ω(J) = ±J, corresponding to Neumann and Dirichlet conditions, respectively. The corresponding Ishibashi states are:
where |n, m is the highest weight state with n units of momentum and m units of winding and the α n ,ᾱ n are the bosonic modes. The boundary states [1] [5],
can be interpreted as D0 and D1 branes, respectively; they belong to two continuous families parametrized by the position on the circle x and by the value of a Wilson line θ.
Let us now focus on the RCFT at the radii R = √ α ′ k, k ∈ N, where the U(1) chiral algebra is extended by the fields e ±i2 √ k/α ′ X and is usually referred to as the U(1) k algebra [23] . There are 2k primary fields, whose characters and conformal dimensions are given by:
The theory with charge conjugation modular invariant Z = r χ r χ −r possesses 2k boundary states that are specialization of the Dirichlet boundaries (3.3) for x = 2πR(r/2k). In order to account for Neumann states in the rational theories, we should consider symmetry breaking boundary conditions: we postpone this discussion to the next section. The bulk theory described by the diagonal partition function Z = r |χ r | 2 can only have two boundary states, that are written as follows, 5) in terms of the Ishibashi states corresponding to the two self-conjugate fields, r = 0, k, of the rational theory. They can be realized as superpositions of D0 branes of the type (3.3), sitting at even (resp. odd) multiples of 2πR/(2k) [4] . This is the first occurrence of the orbifold relations of the previous Section: actually, one can obtain the diagonal modular invariant from the charge conjugation one by the S 1 /Z k orbifold of the symmetry χ l → exp (2iπl/k)χ l ; thus, the new boundary states are given by invariant combinations of the old ones, in agreement with Eq. (2.8).
Orbifold line
Let us first recall some general aspects of orbifold constructions [18] that will be useful in the following discussion. An orbifold theory is the quotient C/G of the CFT C by a discrete group G of symmetries of the theory, i. e. by an endomorphism group of the operator algebra, that commutes with Virasoro and respects the left-right decomposition of the Hilbert space: 6) where the [φ j ] are the irreducible representations of the chiral algebra. When a σ-model description is available, the target space of the orbifold theory is the quotient of the original manifold by a subgroup G of its isometry group.
The partition function of the C/G orbifold is:
where |G| is the order of the group and Z [ g h ] is the contribution to the partition function coming from the trace on the g-twisted sector with an insertion of the operator h. The restriction to commuting elements ghg −1 h −1 = 1 comes from the fact that the cycle aba −1 b −1 is contractible on the torus. The phase ǫ(g, h) accounts for the so-called discrete torsion [29] . There is a clear Hamiltonian interpretation: for each g ∈ G there is an Hilbert space H g of g-twisted states, that are projected by
between the order of the stabilizer and the dimension of the conjugacy class of g, we can restrict the sum in (3.7) to the conjugacy classes a and choose a representative element g a for each class, leading to:
where,
is a projection operator onto S a -invariant states.
The expression (3.7) of the partition function does not show explicitly the chiral operator content of the orbifold theory, that is necessary for the construction of the boundary states. As stressed in Ref. [18] , several properties of the orbifold chiral sectors can be associated to the representations of the finite group G. With respect to its action, the original chiral algebra A decomposes into A = α A α , where A α contains the states that transform in the irreducible representation r α of G. The chiral algebra of the orbifold is A 0 = A/G. Each A α is a representation of A 0 , in general reducible because G acts in A α and commutes with A 0 . We can then decompose each A α according to:
where [φ α ] is an irreducible representation of A 0 .
Representations of the chiral algebra that are mapped by G into different representations are identified in the orbifold model; representations that are fixed point of G are split and give rise to the twisted sectors A g , that are in one-to-one correspondence with the conjugacy classes of G. On A g , it is defined the action of the stabilizer S g , and thus there is a decomposition analogous to (3.10): 
as follows: 
(3.14)
The chiral algebra of the S 1 /Z 2 orbifold at rational radius can be obtained using the previous formulas [18] ; it contains (k + 7) primary fields whose characters read: 15) where the characters χ r are defined in (3.4) and θ α , α = 2, 3, 4, are the Jacobi theta functions. The fields ¶ χ r , r = 1, ..., k − 1, arise from the identification between the primaries χ r and χ −r . The fields u ± , φ ± arise from the splitting of the representations at the two fixed points r = 0, k:
where the signs ± label the two irreducible representations of Z 2 . Finally there are four twisted fields σ i , τ i , i = 0, 1, for the two fixed points, which are obtained by considering for each point the combinations: 17) in agreement with (3.13). The S matrix in the basis (3.15) was found in Ref. [18] : for k even, it reads (up to the factor 1/ √ 8k),
where i, j = 0, 1. The expression for k odd is [30] : where
The Cardy boundary states of the S 1 /Z 2 orbifold can be read from these S matrices, Eqs. (2.3) and (2.4); actually, they can be interpreted as the result of the orbifold action on the boundaries of the circle theory [1, 11] , in agreement with the discussion of Section 2. The states |χ r , r = 1, ..., k − 1 come from the identification of D0 branes sitting at opposite points along the circle: in their spectrum there is an exactly marginal operator that allows displacements of the branes along the circle. The states |u + , |u − , |φ + and |φ − describe fractional branes D0 sitting at the fixed points of the interval. Actually, they have smaller coefficients than those of the states |χ r and non-vanishing coefficients for the twisted Ishibashi's; these branes are forced to live on the fixed points because they have no marginal deformations, unless they combine with the other fractional brane. Finally the Cardy states corresponding to the twisted fields |σ i , |τ i , i = 0, 1, can be interpreted as fractional D1-branes with suitable Wilson lines. Actually, the occurrence of both D0 and D1 branes is not unexpected, because both gluing conditions Ω and ΩP should be present in the orbifold theory.
A general feature of abelian orbifolds is that they always contain a set of integerspin simple currents, stemming from the decomposition of the chiral algebra of the original theory, that form a group isomorphic to the orbifold group G [15] . These currents allow for reconstructing the original theory as a simple current extension of the orbifold (see Eq.(2.12)). Among the chiral fields of the
there is indeed the integer-spin current u − that gives back the circle theory.
According to the discussion of Section 2, we can use the simple-current map to transform the orbifold boundary states back to the circle theory; according to Eq. (2.14), |u + o and |u − o combine into |χ 0 c , while |φ + o and |φ − o give |χ k c ; the fixed points |χ r o split giving the two boundary states |χ r c and |χ −r c , using Eq.(2.15). These are the symmetry-preserving boundaries of the circle theory seen before.
Furthermore, two other boundary states are obtained from the fractional D1 branes |σ i o , |τ i o : 20) and similarly for |− = (
The states |± preserve only a U(1) k /Z 2 orbifold subalgebra of the full U(1) k symmetry of the circle [11] and can be interpreted as D1 branes with a particular Wilson line, namely they correspond to Neumann boundary conditions for the circle theory. This interpretation is confirmed by the expression of the annulus amplitude between these new states and the rational circle D0 states |χ r :
which is the usual partition function for a free boson on a strip with NeumannDirichlet boundary conditions [5] . Actually the Ishibashi states |u + − |u − and |φ + − |φ − are precisely those associated to the Neumann gluing condition ΩP.
According to the general analysis of symmetry breaking boundary conditions [11] , we can move the automorphism r → −r from the gluing condition to the modular invariant and consider the boundary states (3.20) as the complete set pertaining to the diagonal modular invariant of the circle theory. Actually, they coincide with the boundaries (3.5).
Two further simple currents exists in the orbifold theory, φ ± , that, together with u − , generate the Z 2 × Z 2 group for k even and the Z 4 group for k odd. Let us discuss the other theories that they may yield. We note that there exists another orbifold modular invariant given by the automorphism (φ + , σ 0 , τ 0 ) ↔ (φ − , σ 1 , τ 1 ), which coincides with charge conjugation for k odd. The boundary states for this modular invariant at R 2 = α ′ k can be constructed as before, by interpreting them as symmetry-breaking boundaries for the original theory, i.e. by shifting the automorphism from the modular invariant to the gluing condition. Consider the extension of the orbifold theory at R 2 = 4α ′ k given by the simple current φ + [11] : the boundaries with Q φ + = 0 at
give back the (k + 7) symmetry-preserving Cardy boundaries of the theory at R 2 = α ′ k: these are obtained from the k + 1 length-two orbits corresponding to (u + , φ + ), (u − , φ − ) and (χ r , χ 4k−r ), with r even, and from the three fixed points χ 2k , σ 0 and τ 0 . Furthermore, the boundaries with Q φ + = 1/2 give the k + 1 symmetry breaking boundaries at R 2 = α ′ k that we were after: these are the k length-two orbits (χ r , χ 4k−r ), with r odd, and (σ 1 , τ 1 ). They can be interpreted as k D0-branes at x r = πrR/2k, r odd, and as another D1-brane (the symmetry preserving D0-branes are instead at x r = πrR/2k, r even). The explicit expressions of the symmetrybreaking boundaries can be read from the matrices (3.18) and (3.19) ; the boundaries associated to the orbit (χ r , χ 4k−r ) with r odd are, for instance (r = 1, 3, . . . , 2k − 1):
22) where the Ishibashi states are those of the orbifold theory at R 2 = 4α ′ k. As said, these are also the boundaries of the automorphism modular invariant. Note that for k odd, these boundaries can also be obtained using directly the simple current φ + of the theory at R 2 = α ′ k. Finally, for k = 4l + 2 the current φ + generates another automorphism modular invariant given by the exchange χ r ↔ χ k−r for r odd.
In conclusion, we have seen that the orbifold map and its simple-current inverse relating the bulk theories have a clear extension to the boundary states. These maps allow to determine complete sets of boundaries for non-charge-conjugate modular invariants and some symmetry breaking boundaries; furthermore, they can indicate a geometric interpretation of the boundary states in the orbifold theories.
The description of the circle and S 1 /Z 2 orbifold theories can be completed by determining the appropriate Klein and Möbius amplitudes, that project the bulk and boundary spectrum under the action of the worldsheet parity operation [22] . These are briefly discussed in Appendix B.
4 Boundary states of c = 1 isolated points
Chiral algebras of T − O − I orbifolds
Let us now consider the SU(2) 1 /G orbifolds of the circle theory at the self-dual point, where G is a discrete subgroup of SU(2) [16] . The series of the cyclic groups G = C n have elements g l/n , l = 0, ..., n − 1, that rotate of the angle 2πl/n around the J 3 axis, where J i , i = 1, 2, 3, are the three SU (2) generators. On the boson field X, this action simply amounts to the shift X → X + 2π √ α ′ l/n. The orbifold partition function is:
where
Actually these orbifolds coincide (up to T duality) with the compactified boson theories at the points R 2 = α ′ n 2 . The second series of orbifolds by the dihedral groups D n similarly give points along the orbifold line at radius R 2 = α ′ n 2 ; actually, the D n groups are generated by adding the element exp(iπJ 1 ) to C n whose action on the bosonic field is precisely the reflection X → −X.
Finally there are the orbifold by the symmetry groups of the regular solids T, O, I, respectively A 4 , S 4 and A 5 , or more precisely their lifts to SU(2): SL 2 (Z 3 ), GL 2 (Z 3 ) and SL 2 (Z 5 ) (In Appendix A we report their character tables). Following Ref. [16] , it is convenient to express the partition functions as sums over the abelian orbifolds of the mutually commuting subgroups of the non-abelian groups, with all overlappings removed. The mutually commuting elements of the non-abelian groups A 4 , S 4 and A 5 , can be easily visualized in terms of their action on the tetrahedron, cube and dodecahedron, respectively. For the tetrahedral group we have 4 C 3 subgroups that acts by rotations around axes through the centers of the faces and a D 2 generated by rotations of π around axes passing through the center of opposite edges. The partition function is then:
A similar analysis for the octahedron and the icosahedron yields the partition functions [16] :
There is an interesting relation between the orbifold line at radius R 2 = 4α ′ (4-state Potts model or SU (2) 1 /D 2 model), the tetrahedron and the octahedron, that is due to the following chain of normal subgroups:
with O/T = Z 2 and T/Z 2 × Z 2 = Z 3 . Accordingly, these models are related among themselves by successive abelian orbifold operations and backward by simple current extensions. Moreover the O model can be considered as a non-abelian S 3 orbifold of the 4-state Potts model.
The characters of the chiral algebras of the three Ginsparg models can be found as follows [18] : we express the traces z [ g h ] in the various orbifold sectors in terms of θ functions, using the formulae, 6) where the θ functions are defined as follows,
Then, we can express the orbifold characters using Eq. (3.13) and the character tables for SL 2 (Z 3 ), GL 2 (Z 3 ) and SL 2 (Z 5 ) (Appendix A). The result for the tetrahedron characters is shown hereafter [18] , while the other cases are listed in Appendix C.
T. The field content of the tetrahedron model consists of 21 chiral fields: 7 in the untwisted sector, 2 in the Z 2 -twisted sector and 6 for each of the two Z 3 -twisted sectors. In the untwisted sector, we find (i = 0, 1, 2):
where ω = exp(2iπ/3). We can see that the identity representation of SU (2) 
, (4.9)
clearly reflect the structure of their Z 2 stabilizer as in the orbifold line. Finally the Z 3 -twisted characters (i = 0, 1, 2),
, 16 9 ,
, h = 
11) where i, j = 0, 1, 2, α = exp(2iπ/9) and β = exp(iπ/9).
The complex S matrix implies a non-trivial conjugation for this model. Actually there are five self-conjugate fields corresponding to {u 0 , j, φ 0 , σ, τ } while the fields {u 1 , φ 1 , ω
As a consequence there exist both the charge-conjugation and the diagonal modular invariant. The fields u i form a Z 3 group of simple currents that allow the extension of the tetrahedron to the 4-state Potts model. Furthermore the untwisted field fusion rules coincide with the representation algebra of the group T as expected from the general discussion in Ref. [18] .
O. The octahedron model contains 28 chiral fields: eight from the untwisted sector {u ± , u f , j ± , φ ± , φ f }, two from the Z 2 -twisted sector {µ r }, r = 0, 1, six from the Z 3 -twisted sector {ω i , θ i }, i = 0, 1, 2, and twelve from the Z 4 -twisted sector {α k , β k , σ ± , τ ± }, k = 0, 1, 2, 3. This notation reflects the Z 2 -orbifold relation with the T model. Actually the u f and the φ f characters originate from the identification of the u 1 , u 2 and of the φ 1 , φ 2 characters of the tetrahedron whereas u ± , j ± , φ ± , σ ± and τ ± arise from the splitting of the corresponding characters in the T model. To these five fixed points correspond 10 new twisted fields and finally the fields in the two Z 3 -twisted sectors are pairwise identified, resulting in only one Z 3 -twisted sector. The simple current that extends the octahedron model back to the tetrahedron is the chiral field u − . The octahedron S matrix (multiplied by 24 √ 2) is:
where we have introduced the matrices,
with indices i, j = 0, 1, 2 and k, l = 0, 1, 2, 3. In this case the S matrix is real and there is only the diagonal modular invariant.
I. Finally the icosahedron field content amounts to 37 chiral fields whose characters are listed in Appendix C together with the S matrix. There are nine fields in the untwisted sector {u i , φ j }, with i = 0, ..., 4 and j = 1, ..., 4, two fields in the Z 2 -twisted sector {σ, τ }, six in the Z 3 -twisted sector {ω i , θ i }, i = 0, 1, 2 and twenty in the Z 5 -twisted sector {π k , ρ k , λ k , ξ k }, k = 0, ..., 4. In this theory the S matrix is also real and there is the diagonal modular invariant only. Furthermore, there are no simple currents among the chiral fields of the icosahedron model, in agreement with the fact that it can not be obtained through a sequence of abelian orbifold operations as the T and the O models.
In studying these orbifolds one should also allow for the presence of discrete torsion [29] ; the different possibilities are classified by H 2 (G, U(1)) that, in our case, is nontrivial and equal to Z 2 for G = D 2n , T, O, I. Nevertheless, the D 2n orbifolds with or without discrete torsion are equivalent [17] , and the same is expected for the T, O, I models.
Boundary states
In the previous Section we have discussed the chiral sectors of the T, O and I orbifold models. The boundary coefficients for the charge-conjugation modular invariant can be read from the respective S matrices according to the Cardy formula (2.4). The result shows some interesting features: let us consider the tetrahedron, for example, Eq. (4.11). Firstly, we can observe that boundary states corresponding to a given twisted field are uncharged with respect to fields in different twisted sectors: actually, the S matrix vanishes on the corresponding block entries.
Secondly, the untwisted boundary states can again be interpreted as fractional branes. The first four states of the tetrahedron, |u i , |j , i = 0, 1, 2, come from the splitting of the D0 brane at the north pole of SU(2) 1 while the next three, |φ i , come from the D0 brane at the south pole. The fractional nature of these branes is confirmed by the number of possible marginal deformations, respectively 0, 2 and 1, thus showing that the number of directions of motion is lower than the 3 displacements of the original D0 brane in the SU(2) three-sphere. The boundary operator content is given by the annulus amplitudes (i = 0, 1, 2):
(4.13)
These amplitudes and the boundary states associated to the twisted fields |σ , |τ , |ω
and |θ ± i , i = 0, 1, 2, could be further understood by studying the geometry of the orbifold space. The Cardy states of the octahedron and icosahedron models present a similar pattern of fractional and twisted branes.
Let us now discuss the boundary states for the diagonal modular invariant of the tetrahedron: there are five Ishibashi states corresponding to the self-conjugate fields {u 0 , j, φ 0 , σ, τ }, and therefore we expect five boundary states. We use the same method applied to the diagonal modular invariant of the compactified boson, namely we obtain them from the octahedron by a simple current extension, the relevant integer-spin current being J = u − . Actually, the Z 2 symmetry R in O = T/R induces as automorphism of the tetrahedron fusion rules precisely the charge conjugation. The boundaries for the tetrahedron with conjugation modular invariant that preserve only the T/R orbifold subalgebra then coincide with the symmetry preserving boundaries for the theory with diagonal modular invariant.
Under the action of J, the ten octahedron boundary states that correspond to the fields in the R-twisted sector combine in pairs. Explicitly J maps the boundaries |µ 0 , |α 0 , |α 1 , |β 0 and |β 1 respectively to |µ 1 , |α 2 , |α 3 , |β 2 and |β 3 . The boundary coefficients are:
where S ij is the S matrix of the octahedron. The resulting boundary coefficients are non zero only for the following five combinations of octahedron Ishibashi states: 15) that are precisely the T Ishibashi states resulting from the gluing ΩR. In this basis the reflection coefficients are:
As already said, we can interpret these states as the five symmetry-preserving boundaries for the tetrahedron diagonal invariant. We have explicitly verified that the annulus amplitudes for the five boundaries in (4.16) are consistent and that the coefficient A i ab give a five dimensional representation of the fusion algebra (reported in Appendix C). We have also verified that these boundaries, interpreted as symmetry breaking boundaries for the tetrahedron with conjugation modular invariant, have consistent overlaps with the usual Cardy states and that the corresponding annulus amplitudes contain, as expected, the twisted characters of the octahedron. For instance two of the A i,a , a = 1, ..., 5 are:
Finally, the Klein and Möbius amplitudes for the T − O − I models, in particular those for the diagonal T model, are discussed in Appendix B.
5 c = 3/2 superconformal field theories
Moduli space
The partition functions of N = 1 superconformal theories can be written in general as follows [31] : The simplest realization of superconformal symmetry at c = 3/2 is given by the theory of a free N = 1 superfield, made by the boson field X compactified on a circle of radius R and by the Majorana fermion ψ. The partition function for this system is the product of the familiar lattice sum (3.1) for the boson, and of the fermion partition function summed over the spin structures:
The fermion contribution is expressed in terms of the characters of the Ising model [23] :
whose S matrix is
The free superfield compactified on a circle describes the first family of superconformal field theories, parametrized by the radius R. These theories possess one R-R ground state and the Witten index vanishes. Again, the radii R and α ′ /R are related by T -duality. At the self-dual radius R = √ α ′ there is an N = 3 superconformal algebra, resulting from the combination of the affine SU(2) 1 symmetry with the N = 1 superconformal symmetry.
The moduli space of c = 3/2 superconformal theories has been investigated in Ref. [17] by identifying the discrete symmetries of a given family of models and by building new models by various orbifold constructions. Let us summarize these results. The discrete symmetries present at generic values of the circle radius are: the reflection, P : 5) and the previously mentioned (−1) Fs . Furthermore, one can identify X modulo translations by integer fractions of the compactification radius,
The resulting model is again the compactified superfield theory at radius R/n. New models were obtained by combining δ 2 and the other two involutions. As shown in [17] , the relevant cases are P, (−1) Fs P and (−1)
The Z 2 orbifold by the symmetry P is described by the superfield compactified on the interval of length πR, with partition function:
The T-duality is Z o (R) = Z o (α ′ /R) ; the circle line meets the orbifold line at the self-dual radius,
Theories on the orbifold line possess three R-R ground states, u + su + s, σ 0 oσ 0 o and σ 1 oσ 1 o and Witten index equal to three.
Using (−1)
Fs P instead of P, one obtains a very similar model that is nothing else than the orbifold by (−1) Fs of the previous theory, called the orbifold-prime theory [17] . Actually, the simple current u − v of the orbifold theory implements the (−1) Fs symmetry; the partition function reads:
At the rational points R = √ α ′ k, this partition function can be rewritten in terms of the characters of the rational c = 1 S 1 /Z 2 orbifold (3.15):
From this expression, it is clear that there are no R-R ground states since the characters u + s, σ 0 o and σ 1 o now appear in off-diagonal combinations.
The orbifold of the circle theory by (−1) Fs δ 2 yields the so-called super-affine line, whose partition function is:
The rational theories at radii R = √ 2α ′ m display 12m sectors and their partition functions can be written, for m even (r = −2m + 1, ..., 2m):
and for m odd,
These modular invariants are easily understood noticing that they can be obtained as simple current constructions of the circle theory. The simple current is the field χ 2m v of the circle theory whose conformal dimension is h = (m + 1)/2 and hence we have an automorphism or extension modular invariant for m even or odd, respectively. Note that the rational partition functions (5.11), (5.12) are written for the diagonal pairing of charges; one should also bear in mind the analogous expressions with chargeconjugation pairing, e.g. |χ r | 2 → χ r χ −r .
The T-duality of the super-affine line is Z sa (R) = Z sa (2α ′ /R). At the self-dual point R = √ 2α ′ there is a super-affine SO(3) 1 symmetry and the partition function can be rewritten in terms of the affine characters:
There are no R-R ground states on the super-affine line. The super-affine and the orbifold-prime lines intersect at the point:
The fifth and final family of theories is called the super-orbifold line and is obtained by orbifolding the super-affine line by P [17] . Let us present the partition function directly at the rational points R = √ 2α ′ m: they are simple current modular invariants of the orbifold, the simple current being φ + v with conformal weight h = (m + 1)/2. As for the super-affine line we have to distinguish between even and odd values of m: the first case gives the automorphism modular invariants,
The odd m case gives extension modular invariants:
Theories along this line possess one R-R ground state. The super-orbifold line crosses both the orbifold-prime and the circle line:
The five lines of theories are schematically drawn in Fig.1 [17] . The pattern is more easily understood in terms of the chiral algebras underlying the various families of rational theories, at the particular rational points considered before. There are only two independent chiral algebras: the direct product of the Ising-model algebra with either the U(1) k or the U(1) k /Z 2 algebra. The first one describes the circle and super-affine lines, the second applies to the orbifold, the orbifold-prime and the super-orbifold lines. Different lines for the same chiral algebra correspond to modular invariants generated by Z 2 simple currents: the current χ 2m v of the circle theories yields the super-affine line, and the currents u − v and φ + v of the orbifold algebra produce the orbifold-prime and the super-orbifold lines, respectively.
We now consider orbifolds by discrete symmetries that exist at particular points on the moduli space [17] . One natural possibility is represented by the self-dual point (3) invariant; thus, the quotient by the discrete subgroups of SO (3) does not spoil the superconformal symmetry. The C norbifolds yield points along either the super-affine or the circle line (we set 2α ′ = 1 here):
One similarly finds that:
The second theory for the D 2n orbifolds, namely Z(D ′ 2n ), is found by introducing a Z 2 discrete torsion (in the following, the models with discrete torsion will be labeled by a prime). Finally, the orbifolds of the self-dual super-affine theory by the non-abelian groups A 4 , S 4 and A 5 produce six isolated points: T, O, I and T ′ , O ′ , I ′ that will be discussed in Section 6.
Boundary states for the superconformal lines
The boundary states for the circle line are easily obtained as combinations of the boundary states for the compactified boson and the Majorana fermion (see Eqs. (3.3), (5.4)).
Restricting ourselves to the rational case R 2 = α ′ k, we have:
where |ℓ |o , |ℓ |v and |ℓ |s , are the products of Ishibashi states for the rational boson and the Ising model (there are 6k boundary states in total). According to the values of the boundary coefficients for the R-R fields, the three types of boundary states in (5.18) can be considered as positively charged, negatively charged and uncharged boundary states, respectively.
On the super-affine line at R 2 = α ′ k with k = 2m, one expects 3m boundary states: they can be obtained acting on the boundaries of the circle with the operation (−1) Fs δ 2 or equivalently with the simple current J = χ 2m v, that is freely acting. Therefore, there are neither fixed points nor fractional branes and the invariant boundary states are made of pairs, as follows:
For m odd the bulk modular invariant is of extension type and the boundaries |r, o sa with r odd are breaking the extended symmetry.
The Cardy boundary states of the orbifold line are again products of boundary states for the bosonic orbifold with states for the Ising model, for a total of 3(k + 7) boundary states. They are labeled by the corresponding fields: in the untwisted NS sector, there are u ± I, φ ± I, χ r I, with I = o, v; in the untwisted R sector, u ± s, φ ± s, χ r s; in the twisted NS sector, σ i s, τ i s, with i = 0, 1; finally, in the twisted R sector, σ i I, τ i I, I = o, v. We can distinguish them according to their R-R charges, taking into account that in this case both untwisted and twisted charges appear. For instance, the states |u ± I , have both untwisted and twisted charges, while the states |u ± s carry only twisted charges.
Starting from this set of boundary states and acting with the Z 2 simple current J = φ + v we can obtain the boundary states for the super-orbifold line. From the partition function (5.14,5.15), we expect (3m + 15) Ishibashi states at radius
Under the action of the simple current, 6(m + 3) boundaries are combined in pairs, while 3 of them are fixed, leading to the required 3m + 15 boundary states. In order to construct these boundary states, we must know the orbits of the simple current: the three fixed points are χ m s, σ 0 s and τ 0 s; the representations, 20) are respectively paired with the representations,
while the representations, Again the boundary states of the super-orbifold follow, for m even, the general pattern described in [10] for automorphism modular invariants generated by a Z 2 current of half-integer spin. In particular we have a set of 3m+9 invariant boundaries in one-to-one correspondence with the length-two orbits of the simple current, as in Equation (2.14). In addition there are six fractional boundary states, two for each of the fixed points of the simple current. These boundary states have the form displayed in (2.15) with the fixed-point S-matrix equal to that of the Ising model (5.4) in the basis {|σ 0 |s , |τ 0 |s , |χ m |s }.
Finally the boundary states for the orbifold-prime line can be obtained acting with the simple current J = u − v on the orbifold states. All the states labeled by NS fields are paired and give (k + 5) boundary states, while among those labeled by Ramond fields, 12 are paired and (k − 1) are fixed. The total number of boundaries is (3k + 9), in agreement with the number of Ishibashi states (see Eq.(5.9)).
The (k − 1) fixed boundary states,
give rise to new boundaries that differ by their charges with respect to the (k − 1) R-R fields χ r s, with r = 1, ..., k − 1:
One can check that these states give consistent annulus amplitudes.
Superconformal T-O-I models
In this Section we find the chiral fields for the superconformal T-O models and then describe their boundary states. The discussion parallels that of the three c = 1 models: we start from the self-dual point on the super-affine line and mod it by the symmetry groups A 4 , S 4 and A 5 . Taking into account the discrete torsion, one obtains three further models,
′ , that can also be realized as (−1) Fs orbifolds of the torsionless T, O, I models (recall that (−1) Fs also relates the orbifold and the orbifold-prime line). Note that the two triples differ in the number of R-R ground states.
The T model can also be realized as a Z 3 orbifold of the theory made by the product of three Ising models, that is found at R = √ 2α ′ on the orbifold line. From the chain of inclusions (4.5), it is then clear that the O model can be obtained as a permutation orbifold of the triple Ising theory, i .e. as a non-abelian S 3 orbifold: (Ising) ⊗3 /Z 3 = T and (Ising) ⊗3 /S 3 = O. General expressions for permutation orbifolds have been given in Ref. [32] , and agree with our findings.
The characters and S matrices for the superconformal T and O models are reported in Appendix D; they are obtained as in the bosonic case (4.3-4.4), by first expanding the partition functions in terms pertaining to the mutually commuting subgroups of T−O (5.16,5.17), and then by expressing the latter in terms of Θ functions (Eq. (4.7) ), using the identities (for R 2 = 2α ′ n):
p,w∈Z
Let us now describe the modular invariant partition functions and the corresponding boundaries for these models.
T. The field content of the superconformal T model consists of 35 fields: 22 of them belong to the NS sector and 13 to the R sector (see Appendix D for notations and explicit expressions). There are several modular invariants: first of all the S matrix is complex and therefore the conjugation and diagonal invariants are distinct. Moreover, starting from the charge-conjugation modular invariant Z(T c ), we can obtain three further modular invariants using two Z 2 operations. The first is the orbifold by (−1)
Fs :
this is obtained through the action of the simple current ξ 0 , that is the primary field containing the supercurrent, as usual. The second is the exchange σ v ↔ τ o , that is an automorphism of the fusion rules. The resulting partition functions are:
In these expressions, the index i runs over all the fields not explicitly present in the first parenthesis, the prime indicates the presence of discrete torsion and the subscript a stands for the previous automorphism. The diagonal modular invariant Z(T d ) similarly generates three other partition functions, that are denoted by Z(T da ), Z(T The boundary states for the T da model can be obtained by using the simple-current extension from the O model, as already found in the bosonic case (Section 4); this will be discussed further below. The T ′ da model can also be analyzed by combining the previous two approaches. Unfortunately, the boundaries for the other four cases T ca , T 
3) 
where s 1 = sin(π/9), s 2 = sin(2π/9) and s 4 = sin(4π/9).
There are 31 Ishibashi states: the corresponding boundaries can be obtained by acting on the boundaries of the O models with the full simple-current group Z 2 × Z 2 .
The boundary states for the T da model are obtained from the O model, as follows. The Z 2 symmetry R relating the tetrahedron and octahedron models, T/R = O, induces the automorphism of the fusion rules made by the charge-conjugation composed with the exchange σ v ↔ τ o . The 9 boundary states for the Z(T da ) modular invariant are obtained from the 18 boundary states of the octahedron corresponding to the R-twisted sector, namely {α k , β k , γ k , µ αI }, with k = 0, . . . , 3, α = 0, 1 and I = o, v, s. They are coupled by the simple current u − according to:
Extending the R-twisted sectors of the octahedron, we then obtain the boundary states for the T da model. In a similar way one can obtain the boundary states for the T ′ da model.
Conclusions
In this paper, we have shown a number of interesting features of boundary conformal field theories on orbifold spaces. The orbifold and simple-current relations between different theories can be extended to mappings for boundary states; these yield complete sets of boundaries for non-charge-conjugation modular invariants, furnish examples of symmetry-breaking boundary conditions and can be visualized geometrically.
The non-abelian T − O − I orbifold models at c = 1 and 3/2 present some interesting features. The origin and properties of fractional Dirichlet-like branes are well understood, while the geometrical interpretation of the branes associated to the twisted sectors is not complete, lacking a clear picture of the T−O−I orbifold spaces. The analysis of supersymmetric models could also be developed; in particular, the study of the modular covariance conditions in the R-R sector, that relate the Witten index to the Ramond charges [33] .
In conclusion, we hope that the models analyzed in this paper will provide a useful playground for future studies of D-branes.
A Character tables of the T-O-I groups
These are the character tables of the groups: SL 2 (Z 3 ) (top), GL 2 (Z 3 ) (center) and SL 2 (Z 5 ) (bottom). We used the notations: ω = exp(2iπ/3) A = (1 + √ 5)/2 and A = (1 − √ 5)/2. The representative elements i a of each conjugacy class are:
B Amplitudes of non-orientable surfaces
We complete the discussion of the boundary states for the rational CFTs at c = 1 (Sections 3 and 4) by considering the amplitudes on the Klein bottle and the Möbius strip [22] . These amplitudes project the closed and open spectra onto states invariant under the world-sheet parity operation Ω. The Klein bottle can be written as:
where the coefficients K i are constrained by the requirement of integrality and positivity of the partition function Z/2+K. Upon S modular transformation, this amplitude describes the propagation of states in the closed sector between two crosscap states:
where the Γ i are the so-called crosscap coefficients.
The open spectrum is described by the annulus and Möbius amplitudes; the first one is:
where we now sum over all boundaries with multiplicities n a , n b . The Möbius amplitude reads:
where the hatted characters [22] are defined as χ = T −1/2 χ and the Möbius coefficients 
In general, given a bulk conformal field theory one has several choices for the Klein bottle amplitude [22] [9] . These different Klein bottle projections correspond to acting on the closed and open spectra with a combination of Ω and some other involution of the theory, that can often be described by simple-current techniques [21] [34].
The Cardy solution for the annulus boundaries of the charge-conjugation modular invariant has been extended to the Klein and Möbius coefficients [9] ; it can be presented in a nice way by introducing the tensor:
The ansatz for the crosscap coefficients is:
from which one can derive,
As shown in [21] , one can define a modified Klein bottle projection whenever the model contains a simple current J. The corresponding crosscap coefficients are:
Moreover, this ansatz has been extend to simple-current modular invariants in Ref. [14] .
Let us now discuss the compactified boson at c = 1. We have two natural projections: Ω and Ωδ 2 , where δ 2 is the half-radius shift operator X → X + πR. With the charge-conjugation modular invariant, only the representations χ 0 and χ k can appear in the Klein bottle which reads, in the two cases:
The two projections are really distinct for k odd.
We can then construct the annulus and Möbius amplitudes. For example, their explicit expressions for k = 3 are: 12) and
In Eq. (B.13), boundaries that are not self-conjugate (A 0 aa = 0) carry a pair of complex charges, e.g. l,l.
It is clear from Eq.(B.13) that different Ω projections lead to different boundary conjugation properties. When a geometric interpretation is available [34] , the boundary conjugation properties simply reflect the action of Ω on the submanifolds wrapped by the brane world-volume. In the simple case analyzed before, Ω maps X → −X and therefore all the branes sitting at opposite position form conjugate pairs and carry complex charges, except for the branes sitting at X = 0 and X = πR which are fixed under Ω and carry real charges. In a similar way, Ωδ 2 maps X → −X + πR and the fixed branes are those sitting at X = ±πR/2. From the point of view of the rational CFT, the second projection gives rise, for k odd, to an annulus amplitude involving only complex charges: the two fixed branes are missing, because they do not correspond to symmetry-preserving boundary conditions. Let us consider now the diagonal modular invariant. In this case all the characters can appear in the Klein bottle and the two projections read:
Recall that the annulus only contains the two boundaries in (3.5), obtained by the orbifold construction. For example, for k = 3, we find:
It is easy to verify that these amplitudes are consistent in the transverse channel.
A similar analysis can be performed for the orbifold line, in particular one can see that all the charges are real except for those corresponding to the fractional branes at the two fixed points, which can be real or complex depending on the action of Ω on the twisted sectors.
We now describe in some detail the Klein bottle projection for the T model. For the charge-conjugation modular invariant the standard Klein bottle projection is:
For the diagonal modular invariant, it is simply given by:
It is interesting to notice that the crosscap coefficients for the diagonal case can be obtained from the crosscap coefficients of the O model by acting with the simple current u − , as done for the annulus coefficients in Section 4. The crosscap coefficients for the diagonal T model are thus found to be:
where the P and S matrices are relative to the O model, and the five entries in the vector refer to the tetrahedron primaries (u 0 , j, φ 0 , σ, τ ), respectively. In the direct channel, these crosscap coefficients give the amplitude (B.17).
The other models at c = 1 and at c = 3/2, with various choices for the Klein bottle, can be discussed along similar lines, using the Eqs. (B.7,B.9 ).
C Chiral data of T − O − I models C.1 Tetrahedron
The fusion rules of the theory, in the field basis given in Section 4, are the following (i, j = 0, 1, 2 mod 3):
Hereafter, we report the annulus amplitudes for the theory with diagonal modular invariant. There are 5 boundary states, described in Section 4. (C.2)
One can check that they give a representation of the fusion rules (C.1).
C.2 Octahedron
Untwisted sector:
θ[ The S matrix (×60 √ 2) in this basis is: Table 1 : Super-tetrahedron S matrix (×24): ǫ ij = (−1) i+j , ω = exp(2iπ/3), α = exp(2iπ/9) and β = exp(iπ/9), with indices i, j = 0, 1, 2; λ, µ = σ, τ (resp. 0, 1) and I, J = o, v (resp. 0, 1).
, osv = osv , h = .
(D.13)
